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We consider a hypothetical possibility of the variability of light velocity with time and position
in space which is derived from two natural postulates. For the consistent consideration of such
variability we generalize translational transformations of the Theory of Relativity. The formulae
of transformations between two rest observers within one inertial system are obtained. It is shown
that equality of velocities of two particles is as relative a statement as simultaneity of two events
is. We obtain the expression for the redshift of radiation of a rest source which formally reproduces
the Hubble Law. Possible experimental implications of the theory are discussed.
I. INTRODUCTION
Recently a number of papers have been published [1]
- [7] in which the possibility of light speed variability
with time has been investigated. It has been shown that
models of Varying Light Speed might resolve some cos-
mological problems, such as: the flatness problem, the
quasi-flatness problem [4], the horizon problem etc.
Investigations of the possibility of variability of funda-
mental constants with time have a long history and there
are various approaches to the problem [8]- [12]. After it
had become clear that such a fundamental constant as
the curvature radius of our Universe varies with time, a
doubt arose about the constancy of other physical con-
stants. An excellent review of the research devoted to the
variability of physical constants with time can be found
in Ref. [13].
It is obvious that introduction of variability of light
speed with time is not possible without considerable
modification of the Theory of Relativity. Recently a gen-
eralization of the Lorentz transformation (so-called Pro-
jective Lorentz Transformation), has been obtained [14],
[15]. Within this approach the variability of light speed
with time and distance arises naturally from the analysis
of transformations between two observers within differ-
ent inertial reference systems. In the Projective Theory
of Relativity, besides the fundamental speed c there ex-
ists a new constant λ that determines the magnitude of
corrections to the Theory of Relativity. If λ = 0, we re-
turn to the Lorentz transformations and the Theory of
Relativity.
In this paper we consider in detail a possibility of the
variability of light speed with time, and show that to de-
scribe it consistently it is necessary to modify not only
the Lorentz transformation but also the translational
transformations between two rest observers. This elimi-
nates some contradictions and makes the physical picture
clearer.
In Sec. II, on the basis of two simple postulates we ob-
tain the form of a functional dependence of light speed on
time and distance. Agreement between the variability of
light speed and the relativistic principles requires modifi-
cation of the Theory of Relativity, which is considered in
Sec. III for the case of rest observers within one inertial
reference system. It is shown in Sec. IV that the vari-
ability of the light speed with time and distance results
in Hubble’s redshift for rest sources. The formulae for
aberration are obtained which can also be interpreted in
terms of Hubble Law. Possible experimental implications
of the theory are studied in Sec. V.
II. A TIME-SPACE VARYING SPEED OF LIGHT
First of all let us consider in general the possibility of
the variability of light speed with time. Our purpose is
to obtain most simple and natural mode of variability
of speed with time. In particular, it is preferable that
photons ∗ still move without acceleration.
We require that the following postulates hold:
1. The Light Speed varies with time and distance:
C → C(t, ~r)
2. The speed of a particular photon is constant along
its trajectory.
The first postulate seems obvious from the relativistic
point of view. If a physical constant varies with time
it must vary with distance as well. The second one in
some respect introduces the variability of light speed with
time minimally. This means that though in some point
of space r0 the light speed varies with time C(t, r0), if
we observe the movement of the particular photon, we
will find it travelling uniformly along the trajectory ~r =
~r0+ ~C(t0, ~r0)(t−t0), at a constant speed ~C0 = ~C(t0, ~r0) =
~C(t, ~r), where ~r0, t0 are some fixed point and moment of
∗ By ”photon” we mean a light signal or wave packet that
is much smaller than the distance it is travelling
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time. In other words, the function of light speed ~C(t, ~r)
must satisfy the following functional equation:
~C
(
t, ~r0 + ~C(t0, ~r0)(t− t0)
)
= ~C (t0, ~r0) (1)
for any t, t0, ~r0.
To solve of this equation, let us consider the trajectory
of the moving photon . Since ~C0 = ~C(t0, ~r0), ~r0 is a
function of ~C0 and t0. Thus the trajectory of the photon
~r = ~r0 + ~C0 · (t− t0) = ~F1(~C0, t0) + ~C0t (2)
or, since ~C0 = ~C(t, ~r) we have
~F1
(
~C(t, ~r), t0
)
= ~r − ~C(t, ~r)t. (3)
The fixed moment of time t0 can be chosen arbitrarily
and does not depend on the current position ~r and time
t, thus the function ~F1 does not depend on t0. So, the
most general solution of the equation (1) has the follow-
ing form:
~C(t, ~r) = ~F
(
~r − ~C(t, ~r)t
)
(4)
where ~F (~ξ) is an arbitrary function.
To make the function ~F (~ξ) a more specific one we need
to introduce additional postulates. It is however easy to
see that resolving Eq.(4) in elementary functions is only
possible if ~F is linear: ~F (~ξ) = ~c+ λc2~ξ, where ~c and λc2
are constants. Therefore, the simplest non-trivial depen-
dence of the light speed on time and distance satisfying
the above formulated axioms has the following form:
~C(t, ~r) =
~c+ λc2~r
1 + λc2t
(5)
The constant λ is a new fundamental constant which
determines the magnitude of effects caused by depen-
dence of light speed on time and distance. In particular,
if λ = 0, the light speed is constant and is equal to the
constant c (~c = c ~n, where ~n is a unit vector). The ini-
tial moment of time t = 0 corresponds to the present
moment when the fixation of units of measurement takes
place. The unit of time is chosen so that the light veloc-
ity is equal to C(0, 0) = c = 299792458 m s−1 at that
moment (t = 0).
If the parameter λ is small, the effects connected with
the light speed variability with time and distance will
manifest themselves in long times t and at big distances
r from an observer. That is, only at cosmological scale.
As it was mentioned in Sec.I, consistent introduction
of light speed variability with time and distance requires
a considerable generalization of the Theory of Relativity.
In Refs. [14], [15] it was shown how such a generalization
can be applied to the Lorentz transformation.
The functional dependence (5) requires a generaliza-
tion of transformation between two rest observers within
one inertial reference system. Indeed, let us consider the
rest observer at the origin x = 0 which at the moment
t = 0 emits a light signal in the direction of the second
rest observer at the point x = R. The speed of this
signal equals C(0, 0) = c, and propagating according to
the second postulate at the constant speed c = C(t, ct),
it reaches the second observer at the moment of time
t = R/c. However, the second observer cannot reflect
this signal with the same speed because in that case it
would return to x = 0 with the speed ”c” which is greater
than the speed of light for that moment:
c > C
(
2R
c
, 0
)
=
c
1 + 2λcR
. (6)
It is especially strange from the point of view of the ob-
server at x = 0, because for him the light speed
~C(t, 0) =
~c
1 + λc2t
(7)
is isotropic, and he can receive and emit signals with the
same speed in any direction ( for the given moment of
time).
Such a seeming non-equality of two rest observers
shows that it is necessary to consider in detail the re-
lation not only between the measurements performed by
observers in different inertial frames of reference but also
between observers within the same inertial frame. These
transformations along with the Projective Lorentz Trans-
formations [14], [15] provide the necessary generalization
of the Theory of Relativity.
III. GENERALIZATION OF TRANSLATIONAL
TRANSFORMATIONS.
Let us consider two rest observers within one inertial
system who are situated at the points x = 0 and x = R.
We denote coordinates and times of events as measured
by the first and second observers respectively by x, y, z, t
and X,Y, Z, T . The question is as follows: ”What is the
most natural way to generalize translational transforma-
tions?”

X = x−R,
Y = y
T = t
?7−→


X = X(x, y)
Y = Y (x, y)
T = T (x, y, t)
(8)
(Below we will only consider two dimensions (x, y), be-
cause all the formulae for y and z components are equiv-
alent.)
To solve the stated problem we use the Principle of
Parametrical Incompleteness [15] which consists in the
following. The set of axioms of classical mechanics is
complete and any statement formulated within the the-
ory framework can be either proved or denied on the
basis of these axioms. Reducing the number of axioms
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would result in appearance of indeterminable parame-
ters and functions, i. e. incompleteness of the theory.
However, there possibly are such informational simplifi-
cations that only a finite set of constants remain indeter-
minable. These constants then will play the role of the
fundamental physical constants and incompleteness will
be parametrical.
In this way one could build the relativistic theory with
the constant c and quantum mechanics with the Planck
constant h¯. This is, so to say, the principle of correspon-
dence inversely. We conventionally obtain classical me-
chanics from relativistic mechanics in the limit c = ∞.
However, it is possible to obtain relativistic mechanics
(and other generalizations) from classical mechanics, by
reducing the number of axioms. With each of these gener-
alizations of classical mechanics some fundamental phys-
ical constant will be connected.
Let us formulate five axioms concerning two observers
in the same reference frame.
Axioms
1. The transformations of coordinates and time are
continuous, differentiable and single valued-functions.
2. If from the point of view of one observer a free
particle moves uniformly, it will move uniformly from the
point of view of another observer.
3. The observers negotiate a units of length so that
their relative distance is equal to R.
4. All the observers are equal and the transformations
compose a group.
5. Space is isotropic.
The first axiom is standard for the majority of physical
constructions. The second one is actually a definition of
inertial reference systems and time. We define the time
so that the movement of a free particle is as simple as
possible. The third one is a definition of units of length:
two rest observers, assume, by mutual agreement, that
the distance between them is equal to R. These axioms
are very strong and completely fix the functional form
of transformations. We can show (see Appendix), that
the most general transformations satisfying the first three
axioms are:
X =
x−R
1− σ(R)x ,
Y =
γ(R)y
1− σ(R)x (9)
T =
a(R)x+ b(R)t+ c(R) + d(R)y
1− σ(R)x ,
where σ(R), γ(R) a(R), b(R), c(R) , d(R) are some un-
known functions. The linear fractional transformations
(9) are well-known as the most general geometrical trans-
formations imaging a straight line into a straight line.
This is the main point of the second axiom.
The requirement of fulfillment of group properties (ax-
iom 4) means that there are at least three equal observers
for whom:
x2 =
x1 −R1
1− σ1x1 , x3 =
x2 −R2
1− σ2x2 =
x1 −R3
1− σ3x1 , (10)
where σi = σ(Ri). These equations are satisfied only if
σ(R1)
R1
=
σ(R2)
R2
= α = const (11)
and
R3 =
R1 +R2
1 + αR1R2
. (12)
Since relative distances R1 and R2 are arbitrary, α is a
fundamental constant which is the same for all the ob-
servers.
The reverse transformation corresponds to substitu-
tion R→ −R, and since
y =
1− αR2
γ(R)
Y
1 + αRX
, (13)
we have γ(R)γ(−R) = 1 − αR2. The isotropy of space
(axiom 5) implies that transformations are invariant un-
der inversion of the spatial axes y → −y, Y → −Y ,
R → −R etc. This leads to the fact that the function
γ(R) is even, and for the space transformations we ob-
tain
X =
x−R
1− αRx, Y =
y
√
1− αR2
1− αRx . (14)
.
These formulae formally coincide with the velocity
transformations in the relativistic theory. It means that
observers are placed in homogeneous and isotropic space
of constant curvature. The coordinates they use to mea-
sure physical distance are Cartesian coordinates on Bel-
trami’s map. Beltrami’s space touches the space at
the point where the observer is situated, and it pos-
sesses the property that any geodesic line is projected
on it as a straight line. In the simplest case of a two-
dimensional sphere, Beltrami’s map is a plane tangent
to the sphere. The projection on the plane is made
from the centre of the sphere. Physical and geometri-
cal distances to some point are connected by the equa-
tion Sphys = tan(Sgeom), and for Lobachevsky space of
negative curvature by Sphys = tanh(Sgeom). Analogous
relations between geometrical and physical values also
exist in the velocity space of the Theory of Relativity.
Now let us consider the transformation of time. Sup-
pose that all events lying in some plane normal to the
x axis occur simultaneously from the point of view of
one observer. Then they will be simultaneous from the
point of view of another observer as well. It means that
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T = T (x, t) and d(R) = 0. The requirement of isotropy
(axiom 5) leads to the fact that the functions c(R), b(R)
are even, and a(R) is an odd one. Analogously to the
coordinate case we find the reverse transformation and
require it to coincide with the initial one after the re-
placement R→ −R. This gives the following equations:
b(R) =
√
1− αR2, c(R) = a(R)
αR
(
√
1− αR2 − 1) (15)
The composition of transformations t2 = f(t1, x1, R1),
t3 = f(t2, x2, R2) = f(t1, x1, R3) is possible only if
a(R1)
R1
=
a(R2)
R2
= λ = const. (16)
So, we obtain:
T =
t
√
1− αR2 + λRx+ (√1− αR2 − 1)λ/α
1− αRx . (17)
We should note that the synchronization procedure is
derived automatically: the event that happens between
observers at equal distances from these observers, x =
−X = (1 − √1− αR2)/αR, is simultaneous for them:
T = t.
Using transformations (14) and (17) it is easy to obtain
transformations for the speed of particle as measured by
each of the observers ~U = d ~X/dT , ~u = d~x/dt:
UX =
ux
√
1− αR2
1 + λRux − αR(x− uxt) (18)
UY =
uy + αR(yux − xuy)
1 + λRux − αR(x− uxt) . (19)
If the particle moves uniformly ~r = ~r0 + ~ut, transforma-
tions of speed do not vary with time but vary with the
”initial” position of the particle ~r0.
Here we should note that, if α = (λc)2, the formula (5)
for the light speed ~C(t, ~r) possesses the following proper-
ties:
1. ~C(t, ~r) is invariant for both observers. It means
that, if ~C(t, ~r) is transformed as a speed (18),(19), the
same function expressed in coordinates of each observer
stands on the right and on the left of the transformations
(18),(19). In case of light moving along the x axis we
have:
C(T,X) =
C(t, x)
√
1− (λcR)2
1 + λRC(t, x) − (λc)2R(x− C(t, x)t) (20)
The movement in an arbitrary direction is considered in
the next section.
2. ~C(t, ~r) is the maximal possible speed for the given
point of space ~r and given moment of time t.
On the basis of these two properties we call ~C(t, ~r) the
speed of light.
Therefore, for the consistent introduction of the vary-
ing with time and distance light velocity (5) into the the-
ory, it is necessary to generalize the translational trans-
formations for rest observers:
X =
x−R
1− (λc)2Rx, Y =
y
√
1− (λcR)2
1− (λc)2Rx . (21)
.
1 + λc2T =
√
1− (λcR)2
1− (λc)2Rx
(
1 + λc2t
)
. (22)
If two observers move at a relative speed v, the gener-
alized Lorentz transformations have the following form
[14], [15]:
x′ =
γ(x− vt)
1 + λvγx− λc2(γ − 1)t , (23)
y′ =
y
1 + λvγx− λc2(γ − 1)t , (24)
t′ =
γ(t− vx/c2)
1 + λvγx− λc2(γ − 1)t , (25)
where γ = 1/
√
1− v2/c2 is the Lorentz factor. The for-
mulae (21)-(25) form the basis of kinematics of the Pro-
jective Theory of Relativity, within which the speed of
light varies with time but at the same time is an invari-
ant of the theory.
The contradiction considered in the Sec. II is easy to
resolve now. From the point of view of the first observer
the signal reaches the second observer x = R at the mo-
ment of time t = R/c with the speed u = c. From the
point of view of the second observer the speed of the
signal (18) and the moment of time (22) are equal to:
U = c
√
1− λcR
1 + λcR
, λc2T =
√
1 + λcR
1− λcR − 1. (26)
The observer reflects the signal with the same speed U →
−U . However, due to the transformations of speed its
speed relative to the first observer (18) equals:
u = −c1− λcR
1 + λcR
. (27)
In a time t = R/c+ R/|u| the signal returns to the first
observer to the point x = 0, and has the same speed as
any other light signal at that moment of time:
C
(
R
c
+
R
|u| , 0
)
= c
1− λcR
1 + λcR
= |u| (28)
Therefore, if two particles have the same speed from
the point of view of one observer, they will have different
speeds for another observer. The equality of speeds is as
relative a notion as the simultaneity of events is. This
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happens because the Projective Transformations do not
conserve parallelism of straight lines.
If we add to the initial system of axioms the require-
ments of absolutivity of equality of two speeds and abso-
lutivity of time, we obtain the complete axiom system in
which incompleteness connected with undefineable con-
stants λ = 0, α = 0 disappears. If we exclude these ax-
ioms, we obtain the more general parametrically incom-
plete theory with new fundamental physical constants.
This is the Principle of Parametrical Incompleteness.
IV. THE HUBBLE LAW. EXPANSION OF THE
STATIC UNIVERSE.
An interesting consequence of the results of previous
sections arises when the Doppler effect is analyzed within
one inertial system.
1. Hubble Low
Let us consider a remote rest source with coordinates
~R emitting light in the direction of observer which is sit-
uated at the origin x = 0. According to observer’s clock
the light pulse emitted at the moment of time t1 reaches
it at the moment t2. Since the speed of this signal is con-
stant C(R, t1) = C(0, t2) and it moves in the direction
towards the observer ~c = −c ~R/R, we have the following
relation between R, t1, t2:
(t2 − t1)c = R+ λc2Rt2. (29)
Let us assume that light pulses are emitted with the
period τ0 = ∆T1, and are received with the period
τ = ∆t2. Since the source’s time T and the observer’s
time t are related by Eq. (22), the interval ∆T equals
∆t/
√
1− (λcR)2 for ~x = ~R. Thus the period of emission
is τ0 = ∆t1/
√
1− (λcR)2, and introducing the parame-
ter of redshift z we finally obtain:
1 + z =
τ
τ0
=
√
1 + λcR
1− λcR. (30)
Interpreting the redshift according to Doppler’s formula,
we obtain the Hubble law: ~V = λc2 ~R, but such an inter-
pretation would not be correct in this case.
2. Distance Measurement
We can obtain the same result by the following specula-
tions. Suppose, the observer at x = 0 makes a radiolocat-
ing experiment measuring the distance to the rest object
at x = R. At the moment of time t1 this observer emits a
light signal at the speed of C(0, t1) receiving it at time t2
at the speed of C(0, t2). If the observer (despite different
speeds of the emitted and reflected signals) assumed the
distance to the object to be equal to l = (t2 − t1)c/2, he
would, probably, conclude that the object moves away
from him at Hubble’s speed:
l =
c
2
(
R
C(t1)
+
R
C(t2)
)
= R+ λc2R t = R + V t, (31)
where t = (t2 + t1)/2. Such an interpretation would not,
of course, be correct. If the observer emitted signals at
speed u < C(0, t2), he could (with apropriate conditions
of reflection) receive them at the same speed, and the
distance l = (t2− t1)u/2 would be unchanging and equal
to R.
3. Aberration of Light
Let us obtain another useful equation which also can be
interpreted in terms of the Hubble speed. An expression
similar to that for aberration in the Theory of Relativity
arises for the rest light source and receiver. Suppose, the
light travels in some direction (cosω, sinω) relative to the
observer at x = 0, and in direction (cosΩ, sinΩ) relative
to the observer at x = R. Then the components of light
velocity will be equal to
Cx = c
cosω + λcx
1 + λc2t
Cy = c
sinω + λcy
1 + λc2t
. (32)
If we put (32) and similar equations for the second ob-
server in (18),(19), where α = (λc)2, we would obtain the
identity for any x, y, t, only if:
sinΩ =
√
1− (λcR)2 sinω
1 + λcR cosω
, (33)
cosΩ =
cosω + λcR
1 + λcR cosω
. (34)
These formulae formally coincide with those for aberra-
tion in the Theory of Relativity if we set λcR = V/c. So,
we again come to the Hubble formula.
4. ”Expansion” of the static Universe
If we admit the possibility light speed of variability
with time, we will necessarily come to the following cos-
mological model. The Universe is a stationary space of
constant curvature (the Lobachevsky space). The cur-
vature is not connected with the presence of matter and
is an intrinsic property of the empty space. The course
of time in the Universe is defined so that it would look
as simple as possible. This leads to the flat pseudo-
Euclidian space-time.
The evolution of the Universe is connected with the de-
creasing of the speed of light with time and 14(?) billion
years ago the speed of light was equal to infinity. We now
take this moment as the origin of time, i.e. make the shift
t → t − 1/λc2 [14] in all the formulae . Because of the
infinite speed of interactions, the early Universe was ho-
mogeneous and hot. However, there was no singularity of
matter. All the clocks in the Universe were synchronized
(C =∞) and pointed at the zero time mark:
T =
√
1− (λcR)2
1− (λc)2 ~R~r
t. (35)
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With the course of time the speed of light was decreas-
ing, the Universe was cooling, and the clocks located at
the distance r = R from us started to advance compared
to our clock:
T =
t√
1− (λcR)2 > t (36)
Nevertheless, we observe the Universe in its past state
Tv =
√
1− λcR
1 + λcR
t =
t
1 + z
< t, (37)
because the speed of light is finite C(t, 0) = (λct)−1 (here
z is the parameter of redshift).
The frequency of the light we receive from remote rest
sources is shifted to the red. The farther the source is
situated from us the more the frequency of the light is
shifted to the red, in agreement with the Hubble Law.
The distance Rm = 1/λc is the maximal possible dis-
tance an observer can measure, and at the same time is
the radius of curvature of the Lobachevsky space. † At
any moment of time according to our clocks t we see ar-
eas situated at the distance Rm from us at the moment
of time T = 0 according to the local clock. The infinite
value of the red shift parameter z corresponds to these
areas.
Although the Hubble Law is realized automatically in
this cosmological model, it is obvious that including mat-
ter and gravitation into consideration can change the
properties of our Space in some way, for instance, to make
it expand. In this case the Hubble effect will consist of
two components - the usual Doppler redshift and the shift
connected with the new fundamental constant λ. As a re-
sult, the actual age of our Universe could be much greater
than the value derived from the Hubble Law.
V. CONCLUSION: VARYING SPEED OF LIGHT
AND EXPERIMENT
Let us discuss applicability of the proposed theory
to the real World. Since Hubble’s effect is naturally
described within the Projective Theory of Relativity,
it would be interesting to associate Hubble’s constant
H = 65 km/sec/Mps = 6.7 10−11 year−1 with the con-
stant λc2. In this case the change of the light velocity
with time would be as follows (r = 0, t = 0 ):
† We point out that we are talking here about physical dis-
tances but not about geometrical distances which are unlim-
ited in the Lobachevsky space. The situation is completely
identical to the velocity space of the theory of relativity, for
which there is the maximum possible speed c but there is no
finite limit on geometrical distance s = artanh (u/c).
∆C
C
= −λc2∆t = −6.7 10−11 ∆t
year
. (38)
Obviously, the dimensional value C(t, 0) can be ex-
pressed in terms of some units of length and time, e.g. the
atomic units h¯2/me2 and h¯3/me4. In particular, the di-
mensionless combination α(t) = e2/h¯C(t) should change.
The laboratory value of α is known at present (1997) with
accuracy of 4 10−9: α−1 = 137.03599993(52), which is
close enough to change (38).
Here let us make clear one point about testing the de-
pendence of the light velocity on time. There are two
entities in our theory: C(t, ~r) and c. The first one is
the light velocity and the maximal possible speed of ma-
terial objects, the second one is the fundamental speed
arising from the parametrical incompleteness of the ax-
ioms of the theory. Only after generalization of Quantum
Electrodynamics for the case of the Projective Theory of
Relativity would it be possible to say which of the con-
stants would enter into α. The fine-structure constant
may, thus, depend on c: α = e2/h¯c, and do not change
with time.
Recently, a new direct limit on |α˙/α| < 10−14year−1,
has been derived from spectral properties of distant
(z = 1 ÷ 3.5) quasars [16], [17]. However, this does
not mean that (38) is falsified by experiment. Indeed,
we observe an object which is situated at the distance
R from us in its past state at the moment t = −R/c
according to our clock. That time corresponds to the
local time of an object T = −z/(1 + z)λc2 and, there-
fore, the light velocity measured by the observer, which
is situated near the object, equals C(0, T ) = c(1 + z).
From his point of view, the dimensionless combination
α(T ) = e2/h¯C(0, T ), is 1 + z times less than our mea-
surement shows at the present moment of time t = 0.
According to the rule of transformation for speeds mea-
sured by distant observers, the light emitted by the object
at the speed of c(1 + z) is equal to c from our point of
view and, therefore, α = e2/h¯c. That is why the mea-
surement of α based on the spectra of quasars does not
allow us to test the change of light velocity in time.
It is likely that only direct laboratory measurement of
the light velocity in terms of the atomic units of length
and time would provide a direct test for (38).
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APPENDIX
Let us consider arbitrary independent differentiable
transformations of the coordinate x and time t:
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X = f(x), T = g(x, t). (39)
We require the system of coordinates (x, t) and (X,T ) to
satisfy the definition of inertial reference systems:
du
dt
= 0 =⇒ dU
dT
= 0, (40)
i.e. a free particle moves uniformly from the point of view
of all observers.
By definition, the speeds are u = dx/dt and U =
dX/dT , thus:
U =
ufx
gxu+ gt
, (41)
where gx = ∂g(x, t)/∂x, etc. Differentiating (41) on T
( dT = (gxu + gt)dt ) and taking into account that the
coefficients of the obtained polynomial in umust be equal
to zero (since u is arbitrary) we obtain the system of
differential equations:
fxxgx = gxxfx (42)
fxxgt = 2gxtfx (43)
gttfx = 0. (44)
Solving this system, we obtain:
f(x) =
ax+ b
1 + αx
,
g(x, t) =
γt+ a′x+ b′
1 + αx
.
In a more general case of two dimensions, linear frac-
tional transformations have the following form [18]:
X =
ax+ by + c
1 + αx + βy
,
Y =
a¯x+ b¯y + c¯
1 + αx + βy
, (45)
T =
γt+ a′x+ b′y + c′
1 + αx + βy
.
It is assumed that the third axiom is equivalent to the
following equations:
{
X(0, y) = −R, X(R, y) = 0,
Y (R, 0) = 0, Y (0, 0) = 0.
(46)
and we obtain the Eq.(9).
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